Introduction
Wavefunctions analyses are aimed to get chemical insights from electronic structure calculations. Unfortunately, there are many concepts in chemistry e.g. aromaticity, chemical bonds, electron delocalisation and atomic charges which are not observables. [1] Hence, there is not an unique way to compute quantities related with such intuitive chemical notions. For example, there are orbital-based approaches such as Mulliken [2] and Löwdin [3] population schemes which have been developed for the calculation of atomic charges in molecular and supramolecular systems. Nonetheless, these techniques have the disadvantage of being very dependent on the particular elements used to built the wavefunction like the basis set. [4] Instead, it is preferable to examine the information contained in the state vector by means of the study of an observable computed from it. Methods in quantum chemical topology (QCT), for instance, the Quantum Theory of Atoms in Molecules (QTAIM) [5] and the Interacting Quantum Atoms (IQA) [6, 7] energy partition are based on the exploitation and analysis of reduced density matrices and which have the attractive features of -small basis set dependency (in a similar way to any other 3D partition), -having orbital invariance, -providing the division of molecular properties (particularly the electronic energy) in physically sound components and -independence of the atomic virial theorem (only for IQA) which confers applicability in every point of the configuration space of a given electronic system [6, 7] .
These conditions have enabled QTAIM to address many different chemical processes and systems on the same footing [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . In similar fashion, the IQA approach has recently been applied to the study of transition metal-ligand interactions [25] [26] [27] , bonding between electronegative atoms [28] , the transferability of different species inside oligopeptides [29] , the formation of water clusters [30, 31] and the conformational arrangement of carboxylic acids [32] .
The IQA energy partition has been implemented along with spin-independent density matrices computed from Hartree-Fock (HF), [20, 21] Complete Active Space Self Consistent Field (CASSCF) [6, 7] , density functional theory (DFT), [22] and Full Configuration Interaction wavefunctions [6, 7] . Recently, dynamical correlation (DC) was included in the IQA energy partition by means of closed shell (i) HF/CC transition density matrices [33] and (ii) the coupled cluster singles and doubles (CCSD) lagrangian [34] . The last-mentioned developments make the IQA method suitable for the study of phenomena in physical chemistry wherein DC is important, for instance, in non-covalent interactions and chemical bonding [35] .
Correlation in chemistry is mostly due to the Pauli antisymmetry principle and the electron coulombic repulsion. Both mechanisms usually lead to larger interelectronic distances (with some exceptions [36] ) but they affect electronic pairs differently. The Pauli principle is imposed by forcing antisymmetry in the wavefunction. As a result, electrons of like spin components experience a reduced probability of being at short interelectronic distances; such effect is known as Fermi correlation. On the other hand, the Coulomb repulsion among electrons influences any pair of these particles regardless of their spin projection. The correlation effects upon unlike-spin electron pairs are denominated as Coulomb correlation.
Single-determinant wavefunctions only consider Fermi correlation, whereas
Coulomb correlation is mainly DC and, therefore, it can be introduced by means of post-HF methods such as CC. However, a chief deficiency of coupled-cluster method is the difficulties it creates for the calculation of molecular properties because the Hellmann-Feynman theorem is not satisfied. [37] Namely, the definition of first-and second-order matrices is not unique and, to our knowledge, all the available expressions suffer from the N-representability problem. [38] Hence, the construction of appropriate CC density matrices including correlation effects with minimal violation of the N-representability conditions is important in order to obtain accurate CC properties. Detailed analysis of the electron-correlation effects introduced by (approximate) CC densities is needed in order to identify the limitations of the existing approximations and provide guidance for the construction of new CC density matrix approximations. In this regard, the IQA energy partition allows for a thorough analysis of the DC effects introduced by CC aproximated density functions.
Besides providing insights into the usefulness of CC matrices, this work is aimed to further increase the applicability of the IQA method (and consequently the arsenal of QCT tools) by considering its implementation with the spin-dependent first-order reduced density matrix and the pair density. We believe that the use of these spin-density matrices could be useful in quantum chemical topology and in general quantum chemistry to investigate the effect of Fermi and Coulomb correlation in different systems and processes, while they shed some light into the electron correlation effects introduced by these approximate CC density matrices.
The rest of the article is organised as follows. We first describe briefly the IQA energy partition. Then, we introduce the spin contributions of the CC density matrices and the electron delocalisation indices, and afterwards we give the computational details of the calculations performed in this work. Finally, we discuss some illustrative examples of the approach presented herein and present some concluding remarks.
Interacting quantum atoms energy partition
Different partitions of the three-dimensional space into (i) disjoint basins such as that provided by the quantum theory of atoms in molecules or (ii) interpenetrating densities as those suggested by Becke [39, 40] and Hirshfeld [41] permit to divide the Born-Oppenheimer electronic energy in monoatomic and diatomic terms,
T X in equation (1) represents the kinetic energy of atom X, while by letting γ and δ to denote either electrons (e) or nuclei (n), then V XY γδ indicates the contribution to the potential energy due to the interaction of γ in atom X with δ in atom Y.
The expressions of T X and V XY γδ in terms of the reduced first order density matrix ρ 1 (r 1 ; r ′ 1 ), and the pair density ρ 2 (r 1 , r 2 ) are described in detail in Reference [6] . In order to discuss the Fermi and Coulomb correlation into the IQA partition energy, we have considered the non-vanishing spin components of ρ 1 (r 1 ; r ′ 1 ) and ρ 2 (r 1 , r 2 ) for a state with a definite value of M S [42] , i.e.,
The spin-configurations in the RHS of equations (2) and (3) are those that contribute to the calculation of expectation values of the spin-independent electronic
Hamiltonian. [43] The IQA interaction energies can also be further divided by considering the Coulombic and exchange-correlation components of the pair density [6] 
into a classical, i.e., electrostatic
and a quantum-mechanical (exchange-correlation) contribution V AB xc , in a way that [6] As stated before, we will be concerned in this article with the spin-components of the pair density
in which σ and τ each indicates an α or β spin projection. The spin-dependent density matrices in formulae (2)-(3) will be exploited to assess separately the Fermi and Coulomb correlation effects on the net and interatomic components of the IQA partition as discussed in the next section.
Spin-dependent one-and two-electron matrices
We will consider only closed-shell systems and thus the expressions used in this section to take into account DC are only valid in this context. The HF spindependent density matrices read
in which σ and τ have the same meaning that in equation (7), {ϕ p (r)} is the set of spatial molecular orbitals used to construct the Fock space of the system under consideration, k pσ represents the occupation number of spin orbital ϕ p (r)σ (s) in |HF and δ σ τ denotes the Kronecker delta. Equation (9) can be rewritten entirely in terms of expression (8), i.e., ,
(r 2 ; r 1 ).
The last equation shows that the HF method does not include unlike-spin contributions in the pair density beyond the indepedent-pair distribution, ρ σ , HF ρ τ, HF ,
and, therefore, does not contain any Coulomb correlation. The same is true for HF-like approximations to the pair density, which for a given correlated method use the expression (10) to estimate ρ 2 (r 1 , r 2 ) but replace ρ σ , HF and ρ defined in equations (8) and (9), we will take into account the corresponding functions based in HF/CC transition density matrices. As established in reference [33] , the scalar fields
can be used to include electron correlation in the IQA energy partition of closed shell species. The quantities D
HF/CC pq
and d
HF/CC pqrs
in the RHS of equations (11) and (12) are one-and two-electron matrices used to obtain the first and second-order density functions respectively, while
e pqrs = E pq E rs − δ qr E ps .
The spin components of the density functions (11) and (12) are
The matrix elements within equations (15) and (16) can be computed according to equations:
HF|
in any other case.
Since expressions (11)- (18) refer to closed-shell coupled-cluster theory, these equations are symmetric in the σ and τ spin projections, i.e., ,
By taking into consideration the symmetry relations [37] 
wherein it is assumed that the molecular orbitals used to construct the |HF and |CC approximate wavefunctions are real, we obtain the spin-dependent one-and two-electron matrices 
In Mcweeny's normalization [43] , the spin-dependent pair density reduces to the spin-dependent density upon integration of one coordinate
where N is the number of electrons of the system. Equation (28) implies that
It is not complicated to verify that the one-and two-electron matrices D HF/CC pσ qσ and d
HF/CC
pσ qσ rτsτ in equations (24)- (27) fulfil condition (29) .
Formulae (8) and (9) along with the substitution of expressions (23)- (27) in equations (15) and (16) which are briefly reviewed in the next section.
Delocalisation Indices
Population analysis comprises a set of techniques that assign a number of electrons, the atomic population, to each atom in an electronic system, affording a means to distribute the N electrons in a molecule or molecular cluster among their constituent parts [2] . The atomic population in the QTAIM is defined solely from the electron density [5] ,
where A is the corresponding QTAIM atom, and
in which N is the number of electrons in the system. The variance and covariance of atomic populations lead to the definition of localisation (LI) and delocalisation indices (DI) [44] [45] [46] 
where δ AB is a Kronecker delta. One can easily prove that the following property
is attained. Following this scheme one can decompose the number of electrons in a system into atomic regions (equation (30)). In turn, it is possible to divide atomic populations into electrons localised in atom A (expression (32)) or delocalised between atom A and the other atoms in the molecule (formula (33)), using not only QTAIM but any other atomic partition [47] . In principle, the latter decomposition depends on the pair density, and therefore a considerable computational effort is required to perform it. Hence, several approximations to the DI have been suggested [48] [49] [50] [51] . Here we study the two most popular ones, based on
Müller's approximation to the pair density [52] , which gives rise to Fulton's definition of the electron sharing index [53] , δ AB F and the Hartree-Fock-like approximation [54] of the pair density (equation 10) that leads to the DI proposal ofÁngyán's and coworkers [55] , δ AB A . The latter cannot contain Coulomb correlation effects as pointed out in the text below equation (10), whereas the former has been shown to provide a good account of both Fermi and Coulomb correlation effects in configuration interaction singles and doubles (CISD), [49, 51] and ground-state [48] and excited states [56] CASSCF wavefunctions. In this work we will compare these approximations with the Fermi and Coulomb parts of the DI, i.e.,
Computational details
The use of spin-dependent matrices in the IQA energy partition proposed in this work is illustrated by considering HC − − − CH, BeH 2 , BH, CN -, HF, NO + , LiH, LiF and H 2 O···H 2 O and which comprise non-polar covalent, polar covalent, ionic and hydrogen bonded systems. This will allow us to assess the effects of Fermi and
Coulomb correlation in the IQA energy partition in different chemical situations.
The geometries of all systems were optimised with the CCSD/cc-pVTZ approximation (apart from the water dimer for which we carry out a CCSD/aug-cc-pVTZ geometry optimisation) as implemented in GAUSSIAN-09 [57] . Later, we carried out single point calculations to procure the coupled cluster amplitudes necessary to compute the HF/CC transition densities (formulae 24-27) with the quantum chemistry package MOLPRO [58] [59] [60] .
Once computed the matrices D
HF/CC σ τ put forward in this work, we used the software IMOLINT [61] to determine the total molecular electronic energy in terms of these one-and two-electron matrices. The same program was used to calculate the spin-dependent electron-electron repulsion, exchange and correlation contributions of the whole electronic systems prior to carry out the IQA electronic energy partition. The IQA analysis was performed with the code PROMOLDEN [62] using the QTAIM zero-flux surface to divide the threedimensional space of the system. We considered (i) β -spheres with radii that were partially optimised, starting from our standard prescription that equates them to 90% the distance from a nucleus to its closest bond critical point, along with (ii) a considerable large number of radial and angular integration grids to get a suitable numerical precision for the IQA integrations. More specifically, numerical integrations were performed using large 5810 points Lebedev angular grids and l = 10 spherical harmonics expansions. Radial parameters were precision oriented. With this we mean that they were selected so as to warrant meaningful precision in the energetic quantities here presented. Since β -spheres were used in all the cases, two (inner/outer) radial grids had to be chosen. Some difficult systems required 900/800 points while most were found to be reasonably integrated with 400/400 or even 200/200 grids. In the last two cases, the inner l expansion was cut at l = 6.
Finally, we used the ESI-3D program [63] to calculate the genuine, the approximated and the decomposition of the DIs in its like and unlike spin contributions using the atomic overlap matrices provided by PROMOLDEN. Table 1 shows the differences of the total energies computed with (i) IMOLINT and PROMOLDEN with either the HF and HF/CC spin-dependent matrices and (ii) the corresponding ab initio results. We observed that the discrepancies between MOLPRO and IMOLINT results are in the scale of microHartrees while the order of magnitude of the integration errors of PROMOLDEN is below the range of milliHartrees. These results show that the electronic energy can indeed be reproduced from equations (8)- (9) and (15), (16) in conjunction with (23)- (27) , thereby in- dicating the suitability of these spin-dependent one-and two-electron matrices to carry out the energy partition of the systems addressed in this investigation.
Results and discussion
Before considering the splitting of the electronic energy in accordance with the IQA method, we address the changes in (i) the spin components ∆V σ σ ee and ∆V σ τ ee with σ = τ and (ii) the exchange and correlation contributions of V ee electronelectron repulsion for the complete system as reported in Table 2 . As expected, the most important contribution to ∆V ee comes from the unlike-spin component ∆V σ τ ee , i.e., |∆V σ σ ee | < |V σ τ ee | because of the complete lack of correlation for electrons with different spin projections (i.e., Coulomb correlation) in the HF approximation. [43] This condition holds even when V σ τ ee and V σ σ ee are weighted by the number of electron pairs with the same and different spin projections, i.e.,
and N σ τ = 2N σ N τ respectively. By considering the total number of electron pairs, N σ σ ,σ τ = N σ σ + N σ τ , we note that the ratio ∆V ee /N σ σ ,σ τ is in the range 1.0-4.0 × 10 −3 a.u. for all the considered species. The absolute values |∆V ee /N σ σ ,σ τ | are greater for the ionic species, e.g. LiF and LiH, than they are for the covalent molecules studied in this work such as HC − − − CH.
Something similar occurs for the ratios ∆V σ σ ee /N σ σ and ∆V σ τ ee /N σ τ whose magnitudes are slightly smaller and larger respectively than that of ∆V ee /N σ σ ,σ τ .
There are four systems (BeH 2 , BH, LiH and HC − − − CH) for which ∆V σ σ ee > 0 on account of small positive changes of the same spin contributions to the coulombic part to V ee . We also note that apart from NO + , the exchange component does not change substantially after the inclusion of electron correlation and the reduction of the magnitude of |V ee | occurs mainly through the correlation parts σ σ and σ τ (σ = τ). The electron correlation component to V ee has a larger contribution from the unlike-spin electron pairs V σ τ corr than for the like-spin pairs, again in consistency with the previously mentioned absence of Coulomb correlation in the HF method.
The ratio V σ τ corr /V σ σ corr is around 3.5-6.0 in most of the considered molecules but it can be as large as ≈ 40-50 in magnitude, e.g. , in LiH and BeH 2 . The consideration of the N σ σ and N σ τ pairs does not change substantially the proportion V σ τ corr /V σ σ corr . This behaviour is expected, especially when one considers that N σ τ /N σ σ → 1 when the number of electrons increases. We see thus how the consideration of the spin-dependent matrices yields insights about the changes in Fermi and Coulomb correlation due to the consideration of post-Hartree-Fock methods, like coupled cluster theory in this case.
Concerning the IQA partition, Tables 3 and 4 show respectively the electronelectron component of the IQA net and interaction energy (equation (1)) of the species considered in this study. Since the inclusion of DC is reflected mostly in Table 3 Changes in the V ee component of the net IQA energies along with its spin components ∆V σ σ ee and ∆V σ τ ee (σ = τ) after the inclusion of dynamical electron correlation. The change in the total exchange-correlation, along with its spin components are shown as well. The first row for every system correspond to the atom with the smallest atomic number. We averaged the quantities corresponding to the oxygen and hydrogen atoms in H 2 the correlation rather than in the exchange part of V ee as reflected in the analysis of the data in Table 2 , we consider together the exchange and correlation components of V σ σ ee through our analysis of the IQA net and interaction energies. The comparison of the ∆V A ee and ∆V AB ee data reveals that the change in the terms corresponding to the IQA net energy represents most of the 90% of the reduction in electron-electron repulsion in all of the studied systems. In fact, there are some cases (CN -, HF, LiF and most conspicuously NO + ) for which the change in the electron-electron repulsion for the atomic basins surpasses that of the molecular species. This means that the inclusion of dynamical correlation may lead to a considerable reduction of the intrabasin electron-electron repulsion, V A ee , at the expense of a considerable increase of this quantity for the interatomic interaction energy. This observation is consistent with previous descriptions of the inclusion of electron correlation in chemical bonding [64] . In agreement with the larger change in the Coulomb over the Fermi correlation in the molecular electron-electron repulsion (Table 2) , the intra-atomic spin-dependent electron-electron repulsion fulfil the conditions
the differences being in the interval of tens and even hundreds of milliHartrees.
That is to say, the magnitude of the change of the intra-atomic unlike-spin electronelectron repulsion, ∆V Aσ τ ee , exceeds the corresponding value for the same spin quantity, ∆V Aσ σ ee . Since the change ∆V Aσ τ ee is reflected through modifications of the Coulomb correlation then the magnitude of |V Aσ τ corr | exceeds that of |V Aσ σ XC | as specified in condition (39) . Additionally, the intra-atomic Coulomb correlation energies (V Aσ τ corr ) constitute indeed an important fraction of the molecular σ τ correlation as it can be appreciated by comparing the last columns of Tables 2 and   3 .
The effect of the consideration of CC theory on the spin-dependent terms of the IQA interaction energy is different to that of the IQA net energy components. For example and as discussed above, most of the entries of ∆V AB ee in Table 4 Since the exchange-correlation of the IQA interaction energy is related with the QTAIM delocalisation indices, [65] we consider now the separate Fermi and Coulomb correlation effects in the DIs. Table 5 The same occurs for the HF-like (δ AB A ) approximation. Therefore, we conclude that the HF/CC first-order reduced density matrices give a very deficient approximation of electron correlation effects. Despite second-order HF/CC matrices reduce to first-order HF/CC ones (see Equations (28) and (29)), the second-order HF/CC matrices provide reasonably accurate DIs while first-order HF/CC matrices used on DI approximations (which usually provide sensible results [48] [49] [50] [51] ) do not improve HF results.
Upon separation of the DI into spin components, we observe that Fermi's correlation is reasonably well reproduced by the HF-like approximation, as one can infer by the small differences between δ AB A and δ AB,σ σ . The comparison with CISD values [49] reveals that Fermi's correlation is quite well reproduced by the HF/CC like-spin pair density expressions. The role of the Coulomb correlation is more obvious for those molecules that present a strong covalent bond, such as CN -and NO + [49] . The δ AB,σ τ (σ = τ) values are indeed larger for these species, however, not as large as the values reported for the CISD wavefunction A better consideration of DC in delocalisation indices by means of coupled cluster theory warrants further investigation in approximated CC density matrices.
Concluding remarks
We have considered spin-dependent one-and two-electron matrices based on HF and HF/CC transition densities to evaluate separately the Fermi and Coulomb correlations consequences on the IQA electronic energy partition. The results show that the net unlike-spin correlation is the dominant factor in the reduction of the electron-electron repulsion across the system to the extent that in some cases it surpasses the decrease of V ee in the whole molecule or molecular cluster. This situation leads to an increase of the electronic repulsion among the QTAIM basins.
Overall, different Fermi and Coulomb correlations effects are observed in the IQA net and interaction energies. The same spin-dependent density matrices were used to determine the impact of these two types of correlation in QTAIM delocalisation indices. Our results show that although ρ HF/CC 2 (r 1 , r 2 ) and ρ HF/CC 1 (r 1 ; r ′ 1 ) in con- juntion can give a proper account of electron correlation on the DIs, care must be taken in the consideration of approximations based only on the latter scalar field.
Altogether, we expect that the approach presented in this work prove useful in the evaluation of Fermi and Coulomb effects both in quantum chemical topology and physical chemistry.
